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ABSTRACT
In most astrophysical processes involving synchrotron radiation, the pitch-angle distribution of the
electrons is assumed to be isotropic. However, if electrons are accelerated anisotropically, e.g, in a
relativistic shock wave with an ordered magnetic field or in magnetic reconnection regions, the electron
pitch angles might be anisotropic. In this work, we study synchrotron radiation from electrons with
a pitch-angle distribution with respect to a large-scale uniform magnetic field. Assuming that the
pitch-angle distribution is normal with a scatter of σp and that the viewing direction is where the
pitch-angle direction peaks, we find that for electrons with a Lorentz factor γ, the observed flux
satisfies Fν ∝ ν2/3 for ν  νcr (νcr is the critical frequency of synchrotron), if σp . 1/γ is satisfied.
On the other hand, if σp  1/γ, the spectrum below νcr is a broken power law with a break frequency
νbr ∼ 2νcr/σ3pγ3, e.g., Fν ∝ ν2/3 for ν  νbr and Fν ∝ ν1/3 for νbr  ν  νcr. Thus the ultimate
synchrotron line of death is Fν ∝ ν2/3. We discuss the application of this theory to blazars and
gamma-ray bursts (GRBs).
Subject headings: radiation mechanisms: non-thermal
1. INTRODUCTION
Synchrotron radiation is one of non-thermal radiation
mechanisms that plays an important role in many astro-
physical sources. The classical synchrotron theory states
that the radiation power from an electron is proportional
to ν1/3 below a characteristic frequency (e.g. Rybicki &
Lightman 1979; Jackson 1998). This feature seems sup-
ported by some observations from astrophysical sources.
However, we should note that the ν1/3 spectrum from
an electron corresponds to the angle-integrated radia-
tion rather than radiation per solid angle along the line
of sight. The latter has a spectrum ν2/3 at low fre-
quencies (e.g. Rybicki & Lightman 1979; Jackson 1998).
In most astrophysical processes, since an underlying as-
sumption is that the pitch-angle distribution of electrons
is isotropic, the classical ν1/3 spectrum is taken as the
default. Such a spectrum is regarded as a “line of death”
for synchrotron radiation (e.g. Preece et al. 1998), and
deviation of this spectrum has been regarded evidence
against synchrotron as the radiation mechanism.
On the other hand, the momentum distribution of elec-
trons might appear significantly anisotropic if there ex-
ists ordered magnetic fields in the emission region. When
electrons move helically in a large-scale magnetic field,
the pitch-angle distribution would be anisotropic1, which
would cause the deviation from the classical ν1/3 spec-
trum. For the most extreme case that the angle distri-
bution is a Delta function, the observed spectrum would
satisfy Fν ∝ ν2/3 at low frequencies.
In this work, we consider synchrotron radiation from
electrons with a pitch-angle distribution with respect to
a large-scale magnetic field. The theoretical framework
1 The pitch angle here is defined as the angle between the the
electron momentum and the magnetic field line.
is laid out in Section 2. The synchrotron spectra under
different conditions are presented in Section 3. Some
astrophysical applications are discussed in Section 4, and
the results are summarized in Section 5.
2. SYNCHROTRON RADIATION WITH A PITCH ANGLE
DISTRIBUTION
We assume that the magnetic field is large-scale uni-
form. The motion of an electron in a uniform magnetic
field is helical with a pitch angle αp, as shown in Figure
1. The motion can be decomposed into the components
along the field line and in the plane normal to the field.
The gyration frequency is ωB = eB/γmec, where B is
the magnetic field strength. The radius of curvature of
the electron path is
ρ =
1
sinαp
γmec
2
eB
. (1)
Here we have assumed that the velocity component in a
plane normal to the field is relativistic. Note that this
differs by a factor sinαp from the radius of the projected
circle in the plane normal to the field.
We consider an instantaneously-circular motion with a
curvature radius ρ and define the angle between the line
of sight and the instantaneous-trajectory plane as θ (see
Figure 1). The received power per unit frequency interval
per unit solid angle is given by (e.g. Jackson 1998)
dW
dωdΩ
=
(
ωB
2pi
1
sin2 αp
)
e2
3pi2c
(ωρ
c
)2
×
(
1
γ2
+ θ2
)2 [
K22/3(ξ) +
θ2
(1/γ2) + θ2
K21/3(ξ)
]
,
(2)
where ωB/2pi corresponds to the reciprocal value of the
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gyration period, the factor 1/ sin2 αp corresponds to the
correction between received power and emitted power
(e.g. Rybicki & Lightman 1979), and the parameter
ξ in the modified Bessel function Kν(ξ) is defined by
ξ = (ωρ/3c)
(
1/γ2 + θ2
)3/2
(Jackson 1998). The K2/3(ξ)
term corresponds to the polarized component in the tra-
jectory plane, and the K1/3(ξ) term corresponds to the
polarized component that is perpendicular to the line of
sight and the K2/3(ξ) component. Numerically, the ra-
diation is dominated by the first term.
As shown in the above equation, the observed spectrum
depends on the observational direction. At θ = 0, the
radiation power reaches the maximum, and one has (e.g.
Jackson 1998)
dW
dωdΩ
∣∣∣∣
θ=0
' γe
3B
mec2 sin
2 αp

3Γ2(2/3)
27/3pi3
(
ω
ωcr
)2/3
, ω  ωcr,
3
8pi2
ω
ωcr
e−ω/ωcr , ω  ωcr.
(3)
where ωcr is the critical frequency of the curvature radi-
ation, i.e.
ωcr =
3
2
γ3
(
c
ρ
)
. (4)
Therefore, one has dW/dωdΩ ∝ ω2/3 for ω  ωcr. For
the case with θ 6= 0, as θ increases the cut-off frequency of
the spectrum shifts to lower frequencies, but the spectral
index remains 2/3.
The spectrum of the received power can be found by
integrating Eq.(2) over angle2 (Westfold 1959), i.e.
dW
dω
=
√
3e3B
2pimec2 sinαp
ω
ωcr
∫ ∞
ω/ωcr
K5/3(x)dx. (5)
The above equation can give the classical angle-
integrated spectrum of synchrotron radiation, i.e.,
dW/dω ∝ ω1/3 for ω  ωcr, which applies to most astro-
physical sources that invoke random magnetic fields or
random pitch angles (e.g. Yang & Zhang 2017).
We now investigate how the pitch-angle αp distribu-
tion of the electrons affects the synchrotron spectrum.
First, we assume that the electrons have a pitch-angle
distribution of the form
Ne(αp, γ)dαpdγ=
1√
2piσ2p
exp
(
− (sinαp − sinαp,0)
2
2σ2p
)
× fe(γ)dαpdγ, (6)
where sinαp,0 corresponds to the mean value of sinαp,
σp is the corresponding standard deviation, and fe(γ)
denotes the energy distribution of electrons. For mono-
energy electrons, we define
fe(γ) = Ne,0δ(γ − γ0), (7)
where Ne,0 corresponds to the total number of electrons.
2 Note that Eq.(5) corresponds to the received power, which is
a factor of 1/ sin2 αp with respect to the emitted power (Rybicki
& Lightman 1979).
θ
α
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Fig. 1.— Synchrotron radiation from an electron with a pitch an-
gle αp. The viewing angle is ϕ. For a given frequency ν, radiation
is confined to the circles with θ ∼ ±θc(ν).
For a power-law distribution, we define
fe(γ) =
Ne,0(p− 1)
γ1
(
γ
γ1
)−p
(8)
with γ1 < γ < γ2.
One is allowed to take the element of solid angle to
be dΩ = 2pi sinαpdαp. Assuming that the view direction
is ϕ, one has θ = αp − ϕ, as shown in Figure 1. The
observed spectrum at ϕ would be given by
Fω(ϕ, ω) =
2pi
D2
∫ pi/2−ϕ
−ϕ
∫ γ2
γ1
dW (θ, ω, γ)
dωdΩ
×Ne(ϕ+ θ, γ) sin(ϕ+ θ)dγdθ. (9)
In some astrophysical sources, e.g., GRBs or blazars,
the emission region is in a relativistic shell/blob. The
specific flux in the observer frame is given by (e.g. Dermer
& Menon 2009)
Fω(ϕ, ω) =
2piδ3D
D2
∫ pi/2−ϕ
−ϕ
∫ γ2
γ1
dW (θ, ω/δD, γ)
dωdΩ
×Ne(ϕ+ θ, γ) sin(ϕ+ θ)dγdθ, (10)
where δD is the Doppler factor. Note that θ, ϕ, γ, αp, Ω,
W , Ne and B are in the comoving frame. The flux per
frequency interval dν is Fν(ν) = 2piFω(ω) with ν = ω/2pi.
3. RESULTS
We first consider how the observed spectrum depends
on the viewing direction ϕ. We assume that the electron
distribution is mono-energetic, i.e., γ ∼ γ0. For elec-
trons with a normal distribution of the pitch angles, the
observed peak flux is obviously at the maximum when
ϕ = αp,0. If σp . 1/γ, once ϕ & αp,0−1/γ is reached, the
observed spectrum is significantly suppressed, as shown
in the black curves in Figure 2. The reason is that for
σp . 1/γ the radiation is beamed in a narrow cone of
the size of ∼ 1/γ. The radiation significantly decreases
outside the ∼ 1/γ cone. On the other hand, if σp  1/γ,
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Fig. 2.— Synchrotron spectra with different viewing directions.
Following parameters are adopted: γ0 = 102, αp,0 = pi/4, B = 1 G,
δD = 10, Ne,0 = 10
48, and D = 1 Gpc.
the observed spectrum is not significantly affected by
the viewing direction, as long as the viewing direction
is within the pith-angle scatter σp. The observed spec-
trum is suppressed only when the viewing direction is
outside the pitch-angle scatter, i.e., ϕ & αp,0 − σp, as
shown as the red curves in Figure 2.
We next focus on the case with ϕ = αp,0, which corre-
sponds to the line of sight along the pitch-angle direction
where the electron distribution reaches the maximum.
This is a relevant geometry since it is the configuration
where the observed emission is the brightest. We define
the spectral index as
q ≡ d lnFν
d ln ν
. (11)
As shown in Figure 4, for mono-energetic electrons with
γ ∼ γ0, the spectral index q mainly depends on σp. If
σp  1/γ, the spectrum would appear independent of
σp, and one has Fν ∝ ν2/3 for ν  νcr. If σp & 1/γ,
the spectrum would become softer, and there is a break
frequency νbr below νcr at
νbr ∼ 2νcr
σ3pγ
3
, (12)
where νcr = ωcr/2pi = 3γ
2eBδD sinαp,0/4pimec is the
critical frequency of synchrotron radiation in the ob-
served frame. In this case, one has Fν ∝ ν2/3 if ν  νbr
and Fν ∝ ν1/3 if νbr  ν  νcr.
The reason for a broken pow-law spectrum is as fol-
lows: for synchrotron/curvature radiation from a single
electron, the typical frequency-dependent spread angle is
given by (e.g. Jackson 1998; Yang & Zhang 2017)
θc(ν) ∼ 1
γ
(
2νcr
ν
)1/3
(13)
for ν  νcr. For a viewing direction within θc(ω), the ra-
diation angle power could be treated as the same. Once
the viewing direction is outside θc(ν), the radiation an-
gular power would significantly decrease. If ν  νbr, one
has σp  θc(ν), which means that the electron beam
is much narrower than the radiation beam of a single
electron. Along the line of sight, for the electrons with
different pitch angles, the radiation angular powers are
B
θ
σ
c
p
B
θ
σ
c
p
Fig. 3.— Synchrotron radiation from electrons with different
pitch angles. Thick solid arrows denote the directions of electron
momenta. Grey areas denote the synchrotron radiation beams of
the electrons. The top panel corresponds to the electron beam be-
ing narrower than the radiation beam, i.e., σp  θc(ν), and the
bottom panel corresponds to the electron beam being wider than
the radiation beam, i.e., σp  θc(ν). ϕ = αp,0 = pi/2 is adopted.
almost the same, as shown in the top panel of Figure 3.
Thus, the observed total spectrum is almost Ne,0 times
of the single spectrum with θ = 0, e.g., Fν ∝ ν2/3, see
Eq.(3). On the other hand, if ν  νbr, e.g., σp  θc(ν),
along the line of sight, one should consider the integral
spectrum from electrons with different directions. For
example, electrons with momenta along the line of sight
contribute the most to the radiation, while electrons with
momenta deviating from the line of sight emit less radi-
ation, as shown in the bottom panel of Figure 3. For
normally-distributed electrons, the electron number per
solid angle in σp is almost the same. Therefore, the
integral process would be approximately equivalent to
Eq.(5), finally leading to Fν ∝ ν1/3. For ν  νcr, the
spectrum would show the classical exponential decay of
synchrotron radiation.
A more realistic case is that the energy distribution
of the accelerated electrons is a power-law, e.g., Eq.(8).
Define νcr,1 and νcr,2 are the critical frequencies of the
lowest-energy/highest-energy electrons, respectively. As
shown in Figure 5, for the case with ν < νcr,1, the spec-
trum is contributed by the lowest-energy electrons with
γ ∼ γ1, and the resulting spectral index is the same
as that of mono-energetic electrons, i.e., Fν ∝ ν2/3 for
ν  νbr and Fν ∝ ν1/3 for ν  νbr. On the other hand,
if νcr,1  ν  νcr,2, the spectrum would be contributed
by all the electrons, so that one has Fν ∝ ν−(p−1)/2. Fi-
nally, if ν  νcr,2, the spectrum is contributed by the
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Fig. 4.— Top panel: synchrotron spectra from mono-energetic
electrons. Bottom panel: the relation between spectral index
and frequency. Solid, dashed and dotted curves denote σp =
10−2, 10−1.5, 10−1, respectively. Following parameters are
adopted: γ0 = 102, αp,0 = pi/4, B = 1 G, δD = 10, Ne,0 = 10
48,
and D = 1 Gpc.
highest-energy electrons with γ ∼ γ2, and the spectrum
would appear as an exponential decay.
In the above discussion, an important assumption is
that the magnetic field is large-scale uniform, which re-
quires that the deflection angle of field lines is less than
1/γ in the radiation region.
4. APPLICATIONS TO BLAZARS AND GRBS
4.1. Blazars
Blazars, as the most extreme class of active galactic
nuclei, are characterized by a non-thermal continuum
spectrum that extends from radio to gamma-rays. The
spectral energy distributions of blazars have two broadly
peaked components. The first peak in the IR/UV or
even X-ray band is attributed to synchrotron emission
by ultra-relativistic electrons in the jet. The second
peak, covering X-rays to gamma-rays, is believed to
be produced through synchrotron-self-Compton, exter-
nal Compton, or even hadronic processes (e.g. Bo¨ttcher
et al. 2013).
The radio observations between 74 MHz/325 MHz and
1.4 GHz showed that the values of the spectral index
q (defined as Fν ∝ νq) are between −1 and 1 for a
large fraction of blazars (Massaro et al. 2013a,b). In a
few cases, q > 1/3 at low-frequency band is observed.
According to our theory, this might result from the
Fig. 5.— Top panel: synchrotron spectra from electrons with
a power-law distribution of energy. Bottom panel: the relation
between spectral index and frequency. Solid, dashed and dotted
curves denote σp = 10−2, 10−1.5, 10−1, respectively. Following
parameters are adopted: γ1 = 102, γ2 = 103, p = 2, αp,0 = pi/4,
B = 1 G, δD = 10, Ne,0 = 10
48, and D = 1 Gpc
anisotropic distribution of the electron pitch angles. For
some blazars, the lowest Lorentz factor of electrons in a
relativistic blob could be as small as γ1 ∼ 2 − 100 (e.g.
Kataoka et al. 2008; Asano & Hayashida 2018). If the
observed frequency, νobs, is less than the break frequency
νbr (see Eq.(12)), e.g., σp . (1/γ1)(2νcr/νobs)1/3 ∼
0.01 − 0.5, the observed spectral index could approach
q ∼ 2/3. Such a value of σp is modestly small. On the
other hand, since the minimum Lorentz factor of elec-
trons is small, the condition that the deflection angle of
field lines is less than 1/γ1 could be satisfied.
4.2. GRBs
The radiation mechanism of GRBs remains unidenti-
fied since they were discovered. The observation showed
that the prompt emission spectrum could be well fitted
via a Band function (Band et al. 1993) which appears
a smoothly connected broken power (dN/dE ∝ Eα for
E  E0 and ∝ Eβ for E  E0, where E0 is the break en-
ergy), and the typical low-energy and high-energy photon
spectral indices are α ∼ −1 and β ∼ −2.2, respectively.
Note that here α and β correspond to the “photon” spec-
tral indices, e.g., α = q−1, where q is defined as Fν ∝ νq.
The classical synchrotron radiation in relativistic shocks
is often suggested as a possible mechanism for the prompt
emission spectrum (Band et al. 1993; Preece et al. 2000;
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Nava et al. 2011; Zhang & Yan 2011; Kumar & Zhang
2015). In order to explain the observed low-energy pho-
ton spectral index α ∼ −1 (e.g. q ∼ 0) in the majority
of GRBs, many attempts have been made, e.g., Brain-
erd (1994); Liang et al. (1997); Me´sza´ros & Rees (2000);
Pe’er & Zhang (2006); Asano & Terasawa (2009); Daigne
et al. (2011); Uhm & Zhang (2014); Geng et al. (2018);
Xu & Zhang (2017); Xu et al. (2018).
The above models focused on the explanation of α ∼
−1 for most GRBs under the classical synchrotron the-
ory. However, there are a fraction of GRBs having the
spectra with α > −2/3 (e.g., q > 1/3), which has been
regarded not be explained by classical synchrotron the-
ory, so-called “line-of-death problem” (Preece et al. 1998;
Nava et al. 2011). For understanding such a spectral
hardness, some modified synchrotron radiation and even
other radiation mechanisms, were proposed, including
synchrotron self-absorption (Preece et al. 1998), jitter ra-
diation (Medvedev 2000), small pitch-angle synchrotron
emission (Lloyd & Petrosian 2000; Lloyd-Ronning & Pet-
rosian 2002), or inverse Compton scattering (Liang et al.
1997).
Since electrons with an anisotropic pitch-angle distri-
bution can also generate a spectrum with α > −2/3, we
consider its application to GRB prompt emission. The
typical observed energy of the prompt emission of GRBs
is about a few hundreds keV. In general, for synchrotron
radiation, one can write3
Ep'Γγ2 heB
2pimec
'116 keV
(
Γ
100
)( γ
104
)2( B
103 G
)
, (14)
where Γ is the Lorentz factor of the relativistic shell. For
a relativistic shell with Γ ∼ 100 and B ∼ 103 G, the
Lorentz factor of the electrons needs to satisfy γ ∼ 104.
Therefore, if σp . 1/γ ∼ 10−4, the low-energy spectrum
could be as hard as Fν ∝ ν2/3. However, the condition
of σp . 1/γ ∼ 10−4 seems very demanding: 1. the
momentum distribution has to be extremely anisotropic
when electrons are accelerated; 2. the magnetic field has
to be almost parallel to each other so that the deflection
angle of field line is much less than ∼ 1/γ ∼ 10−4. If
such conditions can be satisfied in the emission region of
GRBs, the line of death for synchrotron radiation may
be overcome.
In the Internal-Collision-induced MAgnetic Reconnec-
tion and Turbulence (ICMART) model (Zhang & Yan
2011), the observed emission is the superposition of
many mini-jets in the emission region. The lightcurve
is the superposition of a broad pulse (defined by the
global emission of the ejecta as it streams outwards) and
many small-timescale spikes (emission from the mini-jets
(Zhang & Zhang 2014). The broad-pulse is asymmet-
ric with the later part of the decaying segment defined
by the curvature effect (Zhang & Zhang 2014; Uhm &
Zhang 2016). The curvature effect tail extends to the X-
ray band, defining a steep-decay phase with rapid spec-
tral evolution consistent with the observations (Zhang et
al. 2007). The pitch-angle effect presented above does
3 For a detailed discussion of synchrotron radiation parameters
for GRBs, see Zhang & Me´sza´ros (2002).
not modify such a general picture significantly. First,
if σp > 1/γ or the field line is too curved, synchrotron
radiation would resume the original form with q = 1/3
so that there is no modification. Second, if the strict
condition is satisfied so that q = 2/3 in each mini-jet is
realized, only the slope of very early phase of the steep
decay phase is modified (for the steep decay phase with
Fν,obs ∝ ν−βˆt−αˆ, decay index αˆ is steeper than 2 + βˆ,
with βˆ = −2/3 rather than −1/3). Due to the very
small σp required by this model, the mini-jets tend to be
very spiky. The observed prompt emission spectra may
be dominated by the on-beam mini-jets, so that the tra-
ditional q = 1/3 line of death can be overcome. More
detailed simulations are needed to verify this.
5. CONCLUSIONS AND DISCUSSIONS
In this work, we study synchrotron radiation from elec-
trons with a pitch-angle distribution, and apply it to
blazars and GRBs. Following new conclusions are ob-
tained:
• We consider that the sines of pitch angles of the
electrons satisfy a normal distribution with a scat-
ter σp, and the line of sight is along the direction
where electron distribution is the maximum. Due
to an observational selection effect (bright bursts
tend to be detected), such a geometry may be the
most relevant geometry for observers. We find that
for electrons with a Lorentz factor γ, if σp . 1/γ,
the observed flux satisfies Fν ∝ ν2/3 for ν  νcr;
if σp  1/γ, the spectrum below νcr is a broken
power law with a break frequency νbr ∼ 2νcr/σ3pγ3,
e.g., Fν ∝ ν2/3 for ν < νbr and Fν ∝ ν1/3 for
νbr < ν < νcr.
• The radiation spectra from astrophysical sources
beyond synchrotron death line, i.e., q > 1/3, can be
interpreted by invoking electrons with an extremely
anisotropic pith-angle distribution, i.e., σp . 1/γ1,
where γ1 is the minimum Lorentz factor of the elec-
trons. Such anisotropic pitch angles may be real-
ized by invoking particle acceleration in an ordered
magnetic field of a relativistic shock wave or mag-
netic reconnection region. For example, for a rel-
ativistic shock wave with Lorentz factor Γ, in the
shock wave frame, the upstream particles would
flow into the shock wave with a Lorentz factor Γ,
and the upstream particles would be confined in
an angle of . 1/Γ. Therefore, if the magnetic field
is large-scare uniform (the deflection angle of field
line is much less than ∼ 1/γ1), the pitch-angle dis-
tribution of particles would be confined within the
angle . 1/Γ.
• The theory may be applied to blazars and GRBs.
For radio emission of blazars, since the minimum
Lorentz factor of electrons could be small, e.g.,
γ ∼ 1−10, the requirements for the pitch-angle dis-
tribution and the deflection of magnetic field lines
are modest. It is therefore relatively easy to break
the synchrotron death line, and the theory can in-
terpret some blazars whose low-energy spectral in-
dex is harder than q = 1/3. For prompt gamma-
ray emission of GRBs, since the minimum Lorentz
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factor of electrons is large, e.g., γ ∼ 104, the con-
ditions under which our theory applies is more de-
manding. In any case, if those conditions are satis-
fied, GRBs that are slightly beyond the traditional
synchrotron line of death can be in principle still
accounted for within the framework of synchrotron
radiation model (e.g. within the ICMART model).
The ultimate line of death is pushed to q = 2/3.
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